Abstract-In recent years it has been shown that wideband analog signals can be sampled significantly below the Nyquist rate without loss of information, provided that the unknown frequency support occupies only a small fraction of the overall bandwidth. The modulated wideband converter (MWC) is a particular architecture that implements this idea. In this paper we discuss how the use of antenna arrays allows to extend this concept towards spatially resolved wideband spectrum sensing by leveraging the sparsity in the angular-frequency domain. In our system each antenna element of the array is sampled at a sub-Nyquist rate by an individual MWC block. This results in a trade-off between the number of antennas and MWC channels per antenna. We derive bounds on the minimal total number of channels and minimal sampling rate required for perfect recovery of the 2D angular-frequency spectrum of the incoming signal and present a concrete reconstruction approach. The proposed system is applicable to arbitrary antenna arrays, provided that the array manifold is ambiguity-free.
I. INTRODUCTION
It has recently been demonstrated that analog multiband signals can be sampled at sub-Nyquist rates without loss of information, provided that their frequency support is confined within a small fraction of the total bandwidth of interest [1] . The muticoset sampler (MCS) [2] , [3] and the modulated wideband converter (MWC) [4] are two particular sub-Nyquist sampling architectures that provide a practical implementation of this idea. In MCS the reduction of the sampling rate is performed by using a delay network followed by direct low-rate sampling of the analog signal. Well-known disadvantages of this approach include the need for high-precision delay lines as well as specialized ADCs with high analog bandwidth [4] , [5] . In contrast, the MWC first reduces the signal bandwidth by means of analog mixing with periodic sequences followed by a low-pass filter, after which the resulting signal is sampled with a regular low-rate ADC.
Often, along with the frequency spectrum of a multiband signal it is desirable to estimate directions of arrival (DoA) of the individual narrowband transmissions that constitute it. This requires employing an antenna array and developing approaches for joint reconstruction of angular and spectral information from sub-Nyquist signal samples. In [6] , a method to estimate the angular-frequency power spectrum is discussed based on a sparsified uniform linear array (ULA) where each antenna is sampled at a sub-Nyquist rate using the MCS. Similarly, in [7] and [8] , the authors propose systems with delay networks at the output of the antennas. Instead of placing an entire MCS at each antenna output, they employ only a few additional delayed channels depending on the considered antenna configuration. After the signal is sampled, first the DoAs and the central frequencies of the individual transmissions are estimated using ESPRIT-based methods and then the frequency spectrum is reconstructed. An alternative approach is discussed in [9] where an L-shaped array of isotropic elements is sampled at a sub-Nyquist rate by applying a single channel of the MWC at each antenna output. The central frequencies together with the corresponding DoAs are jointly estimated either by using sparse recovery methods based on compressed sensing (CS) or classical methods for 2D-DoA estimation.
In this work, we propose a sub-Nyquist sensing system based on the MWC that extends the approach from [9] . Particularly, we place several MWC sampling channels at the output of each antenna element and generalize the analysis to arbitrary antenna arrays. By exploiting the signal sparsity in the joint angular-frequency domain, we facilitate spatially resolved spectrum sensing in that we recover the angularfrequency spectrum of the input signal. To do so, we apply a CS based approach assuming that the angles of arrival and central frequencies of the source signals lie on some predefined grid. We derive conditions for perfect reconstruction of the angular-frequency spectrum which results in the minimal sampling rate consistent with the minimal smapling rate for multiband signals derived in [3] . We demonstrate that using more MWC channels per antenna provides additional degrees of freedom for the system design, i.e., by employing a higher number of MWC channels one can reduce the number of antennas, provided that the source signals do not overlap in frequency. The simulations indicate that in the presence of signal noise, this trade-off tends to be asymmetric favoring the higher number of antennas over the MWC channels.
Our approach is not limited to a specific structure of the antenna array responses such as uniform sensor spacing or isotropic elements as in previous works. Furthermore, it allows to include the polarimetric array response to reflect the sensitivity of antennas with respect to the polarization states of the incoming waves as well as incorporate measured antennas using the approach from [10] for example.
The paper is organized as follows: Section II introduces the signal model. Section III describes the proposed receiver system and Section IV provides conditions for exact signal recovery. Numerical results are presented in Section V and the paper is concluded in Section VI.
II. SIGNAL MODEL

A. Input Signal
Consider K independent far-field narrowband plane waves impinging on a wideband N -element antenna array. Each wave is associated with an unknown azimuth angle of arrival θ k and a complex-valued narrowband transmission x k (t). The individual transmissions x k (t) are assumed to be uncorrelated; each has a bandwidth B k ≤ B and is modulated to an unknown central frequency
]. The signal impinging on the array, given by
is then bandlimited to
. Let P x (θ, f ) denote the continuous angular-frequency spectrum of x(t) defined as
where Figure 1 . Definition 1. We define X as the set of all signals x(t) with the above structure and the support of their angular-frequency spectrum that is a union of K intervals in
B. Received Signal
Under the narrowband assumption on the individual signals x k (t) the Fourier transform of the signal s n (t) received at nth antenna port can be expressed as
where a n (θ, f ) is the response of the n-th antenna element as a function of the azimuth angle θ and frequency f . A collection of the responses from all N antenna elements for some pair (θ k , f k ) constitutes an array steering vector
where (·)
T denotes the matrix transpose 1 . Definition 2. An array manifold a(θ, f ) of some N -element antenna array is called ambiguity-free if any K distinct array steering vectors a(
Although the discussion on which classes of arrays satisfy the above definition is out of scope of the current contribution, it is worth noting that for a manifold of an array with isotropic elements to be ambiguity-free 2 it is required that N > 2.
Definition 3. The set A contains all N -element antenna arrays that satisfy the following assumptions: (A1) the array manifold is ambiguity-free; (A2) the spatial-spectral response of every port a(θ, f ) is non-zero almost everywhere.
In the following we propose a sub-Nyquist receiver system that allows for perfect reconstruction of P x (θ, f ) for any x(t) in X and any antenna with array manifold a(θ, f ) in A, while reducing the sampling rate in each channel.
III. SUB-NYQUIST RECEIVER SYSTEM
A. System Description Consider a receiver architecture consisting of N antenna elements followed by N MWCs as shown in Figure 2 . In MWC, the received signal is fed into M channels where it is multiplied by a T p -periodic pseudo-random sequence p m (t), low-pass filtered and sampled at a low sampling rate of f s , where f p = 1/T p ≥ B [4] . The total number of channels in the considered system is M t = N M and the total sampling rate is equal to M t f s .
B. Frequency Domain Analysis
In the mth channel of the MWC, the received signal is first multiplied by the periodic sequence p m (t). Due to periodicity, p m (t) can be represented by its Fourier series as
where The Fourier transform of the analog multiplicationỹ d (t) = s n (t)p m (t) can then be evaluated as
where d = (n − 1)M + m. Substituting (3) into (6) and taking into account that the input signal x(t) is bandlimited, we get the following expression for the discete-time Fourier transform (DTFT) of the dth receiver output after sampling
where f ∈ F s = [−f s /2, f s /2] and L 0 = fNyq+fs 2fp − 1. Denote by Y n (f ) the vector of the DTFTs of the M output sequences corresponding to the outputs of nth antenna. Then,
where Φ is an M × L matrix with L = 2L 0 + 1 and (m, j)th
Finally, by concatenating all Y n (f ) together into one vector Y (f ) of length M N , we have
Here, the unknown vector Z(f ) is comprised of all Z k (f ) stacked one under another and Ψ is an N M × LK matrix with (d, g)th entry given by
where
Note that since elements of Z k contain spectrum slices of P x (θ k , f) of width f s and central frequencies (i − L − 1)f p where f p ≥ B, each P x (θ k , f) contributes only one non-zero element to Z k (f ) for any fixed f ∈ F s . Accordingly, vector Z(f ) contains at most K non-zeros.
Expressions (9) and (10) bind the angular-frequency spectrum of the input wideband signal x(t) to the DTFT of the low rate output signal y[n]. In the next section we present conditions for unique recovery of Z(f ) from (10) Then, we can write (10) as
where B is an N M × N θ N F L matrix with N F = 2N f + 1 and (d, p)th element given by
Here, index d is the same as in (6), while p is the grid index defined by
The non-zero elements of the sparse vector W (f ) are the non-zero elements of Z(f ) where
indices corresponding to the positions of the non-zeros in W (f ) and consider the following theorem.
Theorem 1. Let a(θ, f ) be an arbitrary array manifold in
A and x(t) be an arbitrary signal in X sampled according to Figure 2 with f s = f p = B. In a noiseless environment, the minimal total number of channels
Proof. The proof uses the fact that (12) has a unique solution if spark(B) > 2K [12] . The conditions of the theorem follow from showing that by choosing appropriate Φ it is always possible to ensure that any r ≤ 2K-column submatrix of B is full rank. The details are omitted due to the lack of space.
Theorem 1 states that the minimum required number of channels in the proposed system is 2K resulting in the minimum sampling rate of 2KB. Additionally, it establishes the conditions under which M > 1 MWC channels can be used to reduce the number of antennas. Thus, if none of the frequency supports of the source signals overlap, i.e., μ = K, the values of N and M can be chosen arbitrary such that M N ≥ 2K and N > 2. However, the more sources occupy a spectrum slice with the same index, the fewer degrees of freedom there are.
2) CTF block: The system (12) contains an infinite number of linear equations [5] . To solve it, we apply the approach proposed in [3] that uses the continuous to finite (CTF) block to form a finite system of equations from (12) .
Consider an M N × M N matrix Q defined as
where (·) H is the Hermitian transpose. Substituting (12) in (15), we have that
In CTF, a frame V is constructed such that Q = V V H . To do so, one can perform the eigenvalue decomposition of Q and choose V as the eigenvectors of Q corresponding to its nonzero eigenvalues. Once V is constructed, we can formulate the following system
From [13] , the support S of the unique solution to (17) is equal to the joint support of the unique solution to (12) . System (17) is known as multiple measurement vector (MMV) [5] . It can be solved 4 by any of the available MMV-CS algorithms, such as the simultaneous orthogonal matching pursuit (SOMP) from [14] for instance.
3) Parameter estimation: Once the positions p i ∈ S of the non-zero elements of W are found, the active angles and central frequencies are given bŷ
with i = 1, 2, . . . , |S|. The indices of the occupied spectrum slices can be calculated aŝ
B. 2D Spectrum Reconstruction
Once the support S is estimated, we can write (12) as
where B S and W S contain the columns of B and the entries of W indexed by S, respectively. From the time-domain samples y[n], we can now estimate the inverse DTFT of
where (·) † stands for the Moore-Penrose pseudo-inverse.
Theorem 2. LetŴ be the unique solution to (12) . If f s = f p ≥ B and Φ has full Kruskal rank, then P x (θ, f ) can be uniquely recovered from y[n].
Under the conditions of Theorem 2, the P x (θ, f ) can be uniquely reconstructed aŝ
where (17), we apply the SOMP algorithm from [14] , where Q is estimated from 600 time samples of y[n].
In the first study, we examine the support recovery performance with respect to the joint estimation of the DoAs and the central frequencies. Similarly to [9] , we use the following performance metrics: the normalized central frequency estimation error E f and the normalized DoA estimation error E θ defined as
and
respectively. The second simulations examine the impact of the SNR on the performance of the 2D spectrum recovery measured by the mean squared error (MSE) between the true and the estimated spectrum. The MSE is defined as
where θ Presented results suggest that both antenna configurations provide comparable performance with respect to the DoA and frequency estimation as well as the spectrum reconstruction. In the noisy environment however, the trade-off between N and M is not perfectly symmetric resulting in a slight but consistent performance degradation for larger values of M . This indicates that, other things being equal, the increase in the number of antennas is preferable to the increase of the number of sampling channels per antenna output.
VI. CONCLUSION
In this work we proposed a sub-Nyquist sampling and recovery system for spatially resolved wideband spectrum sensing that exploits signal sparsity in the angular-frequency domain. We derived the conditions for perfect recovery of the angular-frequency signal support and the reconstruction of the 2D spectrum from the received sub-Nyquist samples.
The presented numerical results demonstrate that the proposed system provides additional degrees of freedom by allowing a trade-off between the required number of antennas and sampling channels per antenna element. In addition, it can be employed with a variety of antenna configurations as well as be extended to include additional signal dimensions, such as elevation angle of arrival and polarization. 
